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Abstract
The attention to environmental conditions of the planet drives many scientists
to study and to analyze the externalities of the economic activities and their
relapses on nature. The issue is quite complex because of the non-linear in-
teractions between human and natural phenomena. Our intention is to study
the particular case of tourist activities. Starting from the specification of the
concept of sustainable development, using a simple model we characterize the
conditions for which there exists an optimal equilibrium between nature and
tourism. Then, trough several simulations we study which policies are able to
guarantee the better synergies between economy and environmental quality.
1 Introduction
Like every human activities, the tourism is related to the environment. Just like
any form of industrial development, it produces effects on nature; obviously, to
have profitable activity, a high tourism flow must visit the same destinations
to consume the tourist product. Therefore it is inevitable and this causes an
impact on the environment of the sites (at the worldwide impact of the tourism
on the environment is relevant and can not be neglected, because it is considered
one of the major economic activities in the world ). It should be noted that the
main resource of the tourism sector is the environmental quality, therefore the
depletion of nature has also direct consequences on the economic performances.
The issues will be addressed on the basis of the fundamental concept of the
sustainability (carrying capacity). As shown by the temporal dynamics, the
interrelation between tourism development and the environment appears com-
plex enough to require advanced mathematical tools such as Optimal Control
Theory. Remembering one of the first studies about the relationship between
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environment and tourism, (Budowski (1976)) , three forms of relationships be-
tween economic activity in tourism and the environment are the following:
1)THE CO-EXITENCE, when the two activity(attention to the environmen-
tal quality and flow of the tourists) can be distinguished, without any contacts
with few negligible connections;
2)CONFLICT, if the actions of the tourists make up obvious environmental
damage;
3)THE SYMBIOTIC RELATIONSHIP, is the relationships in which both the
tourism activity and the environment quality receive benefits.
Notice that this three forms can coexist simultaneously in the same location,
with different types of the tourism.
In 1987, the World Futures Commission, ”The Brundtland Report on the Fu-
ture Common”, proposed the official definition of the sustainable development:
”Sustainable development is one that meets the needs of the present genera-
tion without compromising the ability of future generations to meet to turn
their own needs.” (WCED, 1987).
In other words, ”we do not receive as an inheritance the environment from
our fathers, but we borrowed from our children” (Murphy, 1994). The tourism
must lead to management of all resources in such a way that economic, social
and aesthetic needs can be fulfilled while maintaining cultural integrity, essential
ecological processes, biological diversity and life support systems. In addition
they describe the development of sustainable tourism as a process which meets
the needs of present tourists and host communities whilst protecting and en-
hancing needs in the future (World Tourism Organization 1996).
Several recent papers studies the problem of relationship between the tourism
flow with environment pollution, but few of them use systematic mathematical
approach to solve and discuss the issue. The results obtained are often only
qualitative and aren’t sufficient to represent the real problems.
On the other hand it is interesting to note the path represented of the follow-
ing articles, starting with ”Lewis and Schmalense (1982)”, and continuing with
”Tahvonen and Salo (1996)”, and yet with ”Tahvonen and Withagen (1996)”, up
to recent papers of ”Brock and Starrett (1999)”, ”Dechert and Block (1999)”,
”Maler (2000) and Rondeadu (2001)”. All these articles deal emphasize the
possibility of the existence of multiple equilibriums associated to the thresholds
in models of optimal renewable resource extraction. The common feature of all
these papers is that connect the existence of thresholds to the multiple equilibri-
ums and these equilibriums are only steady states; instead in our model we have
not steady states. In the present article is our purpose to define a zone of the
cartesian plane, in which one can to find the states of the dynamic equilibrium,
doing change two parameters, that we will indicate later with r and β, and this
we will obtain in following to the study of sign of the functions:
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dE(t)
dt
> 0
dK(t)
dt
> 0
where E(t) is the environmental quality, and K(t) is the tourist facilities. The
our approach to the problem is that to consider a dynamic model in which the
players are the governance of the local population and the tourists, supposing
to see the problem from the governance point of view that wants maximize its
utility function.
2 The tourism that exploit the natural resources
Before studying the issue with use of the mathematical model, let us consider
the relationship between the tourism and natural resource, in order to classify
the kinds of natural resources and the kinds of pollution. We define natural
resources like the wealth does not produced with human work, but let as an
inheritance from nature. This assumption does not exclude the possibility that
the natural resources are physically produced, but this process is a natural pro-
cess. The natural resources can be classified according to various aspects, which
are important from an economic point of view:
a) subject to availability, natural resources can be distinguished in exhaustible
and inexhaustible;
b) according to the natural possibility of reinstatement of the resources, these
can be distinguished in reproducible and not reproducible;
The classification of natural resources according to their decay due to the use
and according to their reproducibility gives rise to four possibilities, each of
which carries with oneself a particular problem of exploitation of the tourism
activity. The idea is to use an index E(t) by which to express the state of the
natural resource over time t, whose evolution will be described by the differen-
tial equation of constraint that will be illustrated below.
2.1 Natural resources indestructible and not reproducible
A natural resource is indestructible and not reproducible if the use does not
alter its future availability. An example of this type of resource is the solar
energy, but we can also think of the sea or coast for seaside tourism (a city of
the sea, remains a city of the sea regardless of the quality of the sea). If E(t) is
the state of the resource, the idea of indestructibility and not reproducibility is
expressed by the following differential equation:
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dE(t)
dt
= 0 (1)
which defines the status of a resource that does not change over time.
2.2 Natural resources not reproducible and exhaustible
A resource is not reproducible and is exhaustible if due to its use, it ends. The
classic example is that of the mines which are exhausted by their exploitation.
In the case of the tourism, one can make the hypothesis that the depletion of
the resource is done by tourists, according to a function F (R) = ϑR that, for
simplicity, we considered linear, where R is the part of the natural resources that
we suppose to be used to tourism activity. Therefore the state of the resource
can be described by the following differential equation:
dE(t)
dt
= −ϑR(t) 0 < ϑ < 1 (2)
which expresses the value of E(t) that decreases as a function of a intensity pro-
portional to the exploitation of tourists. Indeed, the exhaustible resources show
a generational problem: more tourists for the present generation undermine the
wealth of future generations. The optimal use of exhaustible resource is treated
as a social problem between generations, rather than strictly individual.
2.3 Natural resources reproducible and exhaustible
Some natural resources are able to regenerate themselves, for example one can
consider aquatic species or even the woods and more. The status of these re-
sources may be represented with the following linear differential equation:
dE(t)
dt
= G(E(t)) = α(E − E(t)) 0 < α < 1 (3)
where E is the natural steady state of environmental with no resource exploita-
tion, i.e. it represents an equilibrium state of the environmental and α is the
speed by which the natural resources regenerate themselves.
In our model, that we show in next paragraph, we can induce the value of
E(t) choosing the appropriate value of the control variables C and R. It is
immediately clear that no every state of the resource, represented of the value
of E(t) can be maintained:
a) if the initial condition E(0) is less than the desired value E∗, it is suffi-
cient to use values for R and C such that β > r, so that increases the natural
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reproduction, up to become equal to E∗;
b) if the initial condition E(0) is greater than the desired E∗,it is sufficient
to exploit the natural resources by increasing values of R and C, such that
β < r in order to decrease the value of E until you reach E∗.
2.4 Natural resources reproducible and inexhaustible
The case of the resources reproducible and inexhaustible is an ideal case and
we do not consider it as a real case. Infact, in this particular situation the
governance could to do indifferent strategies for activity of the tourism and due
to this reason, we do not consider this case is an interessant case to discus.
3 Mathematical Model
Suppose to be in presence of a tourist resort, in which the principal economic
activity is the tourism. The local population wants to manage the touristic flow
to do not damage environment. The topic we face is to describe the interaction
dynamics between Tourism and environmental quality, in presence of ” repro-
ducible and exhaustible resources ”. Assume that the presence of tourists is a
variable positively conditioned by the environmental quality E(t) and from the
presence of tourist facilities K(t). Consider a continuos-time model in which
R(t) is the part of natural resources that the local governance decides to offer
to the tourists. Let K(t) and E(t) be respectively the stock of tourist facilities
and the stock of a renewable natural resources. Those will be considered such
as substitutable inputs in the aggregate production function of tourism activ-
ity. The natural question arising is, how to control in optimal way the tourists
without damage resources. The mathematical model that we propose to answer
above question needs to use an aggregate production function of the form:
Y =
√
KR (4)
which output can be consumed or invested. Let C denote consumption and I
denote investment. Then:
C =
√
KR− I (5)
Furthermore, assume there is no depreciation of touristic facilities, then we can
consider:
dK
dt
= I (6)
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Let G(E(t)) be the natural growth function of the resources. We assume a linear
specification G(E(t)):
G(E) = α(E − E(t)) (7)
where α ∈ [0, 1].
There exist two interesting cases when: E ≤ E and E > E. Our goal is to
study the dynamics of the problem in both cases. The net growth rate of the
resource stock is:
dE
dt
= G(E)−R (8)
We formulate the social planet problem, we assume that: the instantaneous util-
ity function depends on C and E, in order to simplify the analysis we consider
the following specification:
U(C) =
√
C + γE γ ∈ [0, 1] (9)
where γ measure the importance of the environmental quality for the local pop-
ulation. Notice that the linearity in E could be justified for two reasons: 1)it
leads in very elegant way to a closed form solution of the problem;
2)by the no clear relationship between the environmental and utility function,
it could be considered as the more plausible assumption.
If we suppose to be in presence of a local poor population, the governance
deals do not much of the environmental quality; thus it is corrected to think
that γ assumes a value much much small. Instead, if the local population is suf-
ficiently rich, it is correct to think that γ assumes a value nearly 1. Therefore
we will see that the key role of the model is given by the relative magnitude of
α and γ. The objective of the local population and in particular of the local
governance, is to maximize the integral of the discounted utility:
max
∫ T
0
e−rt[
√
C + γE]dt γ << 1 (10)
The maximization is subject to the constraints:
dK
dt
=
√
KR− C, dE
dt
= G(E)−R (11)
with boundary conditions K(0) = K0 > 0, E(0) = E0 > 0.
3.1 Steady States
To start, we define the Hamilton’s Function as follows(see Clark 1976):
H(C,K,R,E, λ1, λ2) =
√
C + γE + λ1[
√
KR− C] + λ2[G(E)−R] (12)
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where λ1 is the shadow price of touristic facilities and λ2 is the shadow price of
the renewable resource. The necessary conditions, for Pontryagin’s theorem, are:
∂H
∂C
=
1
2
√
C
− λ1 = 0 (13)
∂H
∂R
=
1
2
λ1
√
K
R
− λ2 = 0 (14)
·
λ1 = λ1(r − 12
√
R
K
) (15)
·
λ2 = λ2(r − (γ − α)), where α > γ (16)
to simplify the notation we introduce β ≡ γ − α, therefore we can rewrite:
·
λ2 = λ2(r − β), (17)
from above equations (13) and (14), follows that λ1 and λ2 are always greater
zero, furthermore,
·
λ2 is equal zero only for r = β; we can write too:
(r − β)− (r − ∂F
∂K
) =
·
λ2
λ2
−
·
λ1
λ1
=
1
∂F
∂R
∂
·
F
∂R
(18)
Hence
∂F
∂K
= β +
1
∂F
∂R
∂
·
F
∂R
·
C
2C
=
∂F
∂K
− r (19)
which is the Ramsey-Euler Rule: ”The proportional rate consumption growth,
multiplied by the elasticity of marginal utility, must be equated to the difference
between the rate of interest
∂F
∂K
and the utility discounted rate, r.”
Now, it is convenient to define a new variable x as follows:
x =
K(t)
R(t)
(20)
with this variable we measure the capital(touristic facilities) intensity of the
production process at time t. We want to find, if they exist stationary solutions,
but before this, we show that x satisfies the following differential equation:
−1
2
1√
x
− 1
2
·
x
x
= −β (21)
This is shown from the necessary condition (16):
−
·
C
2C
=
·
λ1
λ1
(22)
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but we have from (18):
·
λ1
λ1
= r − 1
2
1√
x
(23)
From (17) we get the relationship between λ1 and x:
∂H
∂R
=
1
2
λ1
√
x− λ2 = 0 (24)
so that
·
λ2
λ2
=
·
λ1
λ1
+
1
2
·
x
x
(25)
therefore, substituting we obtain:
−1
2
1√
x
− 1
2
·
x
x
= −β (26)
Using equation −
·
C
2C
= 0, we can to deduce the stationary solution for x:
x =
(
1
2r
)2
(27)
Substituting this value into (26), and noting that λ2 > 0, we can conclude that
the steady state requirement for −
·
C
2C
= 0 implies that at the steady state,
·
λ2
λ2
= 0. But this is possible only if r = β, and this proves, that there are no
steady states.
3.2 Dynamic of the variables of State and of the Control
variables
3.2.1 The time path of capital/ratio
The time path of capital/ratio, input of the aggregate production function, is
expressed by the variable x(t), which dynamic is the solution of last differential
equation (27). Multiplying each side of (27) by
√
x we reach:
−1
2
− 1
2
·
x√
x
= −β√x (28)
let y =
√
x
−1
2
+
·
y = −βy (29)
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the solution can be written in the form:
y(t) =
(
y0 − 12
)
e−βt +
1
2α
(30)
or
y(t) =
(
yT − 12β
)
e−β(t−T ) +
1
2β
(31)
where y(T ) = yT , therefore we have:
x(t) =
((√
x0 − 12β
)
e−βt +
1
2β
)2
(32)
or
x(t) =
((√
xT − 12β
)
e−β(t−T ) +
1
2β
)2
(33)
Imposing the transversal condition that at the time T , the variable x calculated
in t = T , takes the following value:
xT =
(
1
2r
)2
(34)
which is its steady state value. It results that the capital intensity x(t) =
K(t)
R(t)
is decreasing over time for 0 < r < β and is increasing for r > β. In order to
prove the above statement, could be useful to compute
·
x
x
:
·
x
x
= −2β
(√
xT − 12β
)
e−β(t−T )((√
xT − 12β
)
e−β(t−T ) +
1
2β
) (35)
= −2β
1− 1((β
r
− 1
)
e−(β(t− T ))
)
+ 1
 (36)
so that being for
(
β
r
− 1
)
> 0 results
·
x
x
< 0 and for
(
β
r
− 1
)
< 0 results
·
x
x
> 0.
3.2.2 The time path of λ1 and λ2
The path of λ1 is given by the following differential equations:
·
λ2
λ2
=
·
λ1
λ1
+
1
2
·
x
x
(37)
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with
·
λ2 = λ2(r − β) (38)
such that
·
λ1
λ1
= (r − β)− 1
2
·
x
x
(39)
the integration gives:
λ1(t) = λ1(T )
√
x(T )√
x(t)
e(r−β)(t−T ) (40)
Thus we have, for r < β
dλ1(t)
dt
> 0. (41)
and for r > β
dλ1(t)
dt
< 0. (42)
3.2.3 The time path of control variable C
The path of consumption is given by the following equation, which has been
obtained using the previous equations:(
1
2λ1
)2
= C (43)
that is
C(t) =
C(T )
((√
x(T )− 1
2β
)
e−β(t−T ) +
1
2β
)2
e−2(r−β)(t−T )
x(T )
(44)
The evolution of the consumption path is given by:
·
C
C
= −2
·
λ1
λ1
< 0 (45)
Thus we have that,
·
C
C
is negative for r < β and positive for r > β.
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3.2.4 The time path of control variable R
From the definition of x =
K
R
we have:
·
K =
·
Rx+
·
xR (46)
and
·
K =
√
KR− C = R√x− C (47)
so
·
Rx+
·
xR = R
√
x− C (48)
either
·
R = R
(
1√
x
−
·
x
x
)
− C
x
(49)
using (23) we have:
−1
2
− 1
2
·
x√
x
= −β√x (50)
so
·
R = 2βR− C(t)
x(t)
(51)
where C(t) is given by (44) and x(t) is given by (33) and so that we can write:
·
R(t) = 2βR(t)− C(T )e
−2β(r−β)(t−T )
x(T )
(52)
The exact solution is:
R(t) =
C(T )
2x(T )r
e2β(r−β)(t−T ) +
(
R(T )− C(T )
2x(T )r
)
(53)
with
x(T ) =
(
1
2r
)2
, C(T ) = βE
(
1
2r
)
(54)
and R(T ) = βE. Thus, we have:
R(t) = αEe(β−r)(t−T ), (55)
·
R(t) = 2(β − r)βEe(β−r)(t−T ) (56)
which is positive for r < β and negative for r > β
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3.2.5 The time path of capital K
We now turn to the capital:
K = xR (57)
·
K
K
=
·
x
x
+
·
R
R
=
·
x
x
+ 2(β − r) (58)
using (58) and (23) yields
·
K
K
= −2β + 1√
x
+ 2(β − r) = 1√
x
− 2r (59)
since
·
x < 0 results that
d
√
x
dt
> 0 withX(T ) = (2r)−1 and therefore
1√
x
−2r < 0
for all t¡T and thus we can write as follows:
·
K
K
=
1√
x
− 2r < 0 (60)
through the appropriate substitution we have:
K = xR = βEe2(β−r)(t−T )
((√
x(T )− 1
2β
)
e−β(t−T ) +
1
2β
)2
(61)
and
K(0) = K0 = βEe−2(β−r)(T )
((
1
2r
− 1
2β
)
eβ(T ) +
1
2β
)2
(62)
dK0
dT
= βE
d
((
e−(β−r)(T )
((
1
2r
− 1
2β
)
eβ(T ) +
1
2β
))2)
dT
(63)
that is positive for r < β and negative for r > β.
3.2.6 The time path of the resource E
The behaviour of the environmental resources is out line by following differential
equation:
·
E = βE −R (64)
substituting R from (57)
·
E = βE − βEe2β(β−r)(t−T ) (65)
E(T ) = E (66)
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exact solution is:
E(t) = E
(
β
−β + 2r e
2(β−r)(t−T ) + 2
−β + r
−β + 2r e
(β)(t−T )
)
(67)
·
E(t) = 2β(β − r)eβ(t−T )E
(
e(β−2r)(t−T ) − 1
(−β + 2r)
)
(68)
The initial quality of environmental is given by E(0) = E0
E(0) = E0 = E(T )
(
β
−β + 2r e
−2(β−r)T +
e(β−2r)T − 1
(−β + 2r)
)
(69)
so we have
dE0
dT
= 2β(β − r)Ee−βT
(
1− e−(β−2r)T
−β + 2r
)
(70)
that assume positive value for
β
2
< r < β and negative value for r <
β
2
⋃
r > β.
Remembering that
dK0
dT
> 0 for r < β and
dK0
dT
< 0 for r > β, we can study the
sign of the ratio of the variations
dK0
dE0
, obtaining an important result to under-
stand, in order to make decisions what strategies take to manage the resources
of the nature E(t) and the flow of tourism attracted by the tourism facilities(else
capital K(t)) and by the environmental. So, we have the following pattern:
dK0
dE0
> 0
β
2
< r < β
dK0
dE0
< 0 r <
β
2
⋃
r > β
in the above table is possible to read that exists an interval for r in which K
and E crease together, but outside of this, we have that if K crease, E decrease
and if K decrease, E crease.
4 Conclusions
The present work deals, in mathematical way, of the topic of the Tourism and
the problems that this activity produce on the environmental. In principle we
classify the kinds of relationship between the human activity and the environ-
mental, giving a definition of sustainability development, and thus of tourism
sustainable. We indicate three kinds of constraints, for classify the several prob-
lems that one can verify:
1)THE CO-EXITENCE, when the two phenomena can be isolated, without
any contact or with few negligible connections;
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2)CONFLICT, if the action of the tourists make up obvious environmental dam-
age;
3)THE SYMBIOTIC RELATIONSHIP, is the relationship in which both the
tourism that the environment, can to receive benefits.
Considering the tourism as an activity that can to coexist with a good quality
of environmental, we decide to be in the third case above indicated. Therefore,
we classify the kinds of resources as follows:
1)Natural resources indestructible and not reproducible
2)Natural resources not reproducible and inexhaustible
3)Natural resources reproducible and exhaustible
4)Natural resources reproducible and inexhaustible
In this article we consider the environmental like a resource reproducible and
exhaustible. Then, we assume a typical aggregate production function, and
suppose that there is no deprecation of the touristic facilities. Furthermore, we
choose the growth function of the environmental and indicate this with G(E), in
which we have β the rate of growth of the environmental and r the discounted
rate for the utility function. At this point, we define the constraints, and we
write the Hamilton’s function and thus calculate the equations of Hamilton.
The solution is that doesn’t exist any steady states, and that by study of the
dynamic of the variables, of the control variables and of the prices shadow, we
obtain the sign of each of them. Thus we can to define the strategies most useful
at our objective, i.e. the strategies that allow manage the tourism activity, to
protect the environmental quality, and maximize the Utility function defined in
former. The strategies of this kind, are strategies that consider the relations
between the rate of natural growth with the rate used for discounted value of
the utility function. As indicated in the table of the above paragraph, the co-
existence between human activity and a good environmental quality is possible,
but to obtain an dynamic equilibrium between the two activity, the parameters
introduced, r and β, should be nearly equal, but instead, are in general very
different between them. Thus the unique way for manage the tourism activity
is to switch from the policy for tourism, to the policy doesn’t for the tourism
in way that the nature can autoregenerate. The gift of the present paper, is to
have demonstrated in mathematical language, that is no possible which exists an
touristic eternal town, if this base its tourism activity only on the environmental
quality.
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